Abstract: Determination of sequence similarity is one of the major steps in computational phylogenetic studies. As we know, during evolutionary history, not only DNA mutations for individual nucleotide but also subsequent rearrangements occurred. It has been one of major tasks of computational biologists to develop novel mathematical descriptors for similarity analysis such that various mutation phenomena information would be involved simultaneously. In this paper, different from traditional methods (eg, nucleotide frequency, geometric representations) as bases for construction of mathematical descriptors, we construct novel mathematical descriptors based on graph theory. In particular, for each DNA sequence, we will set up a weighted directed graph. The adjacency matrix of the directed graph will be used to induce a representative vector for DNA sequence. This new approach measures similarity based on both ordering and frequency of nucleotides so that much more information is involved. As an application, the method is tested on a set of 0.9-kb mtDNA sequences of twelve different primate species. All output phylogenetic trees with various distance estimations have the same topology, and are generally consistent with the reported results from early studies, which proves the new method's efficiency; we also test the new method on a simulated data set, which shows our new method performs better than traditional global alignment method when subsequent rearrangements happen frequently during evolutionary history.
Introduction
The number of DNA sequences is rapidly increasing in the DNA database. It is one of the challenges for bio-scientists to analyze the large volume of genomic DNA sequence data. Many schemes have been proposed to numerically characterize DNA sequences and analyze their similarities.
Sequence alignment has been frequently used as a powerful tool to accomplish the comparison of two closely related genomes at the base-bybase nucleotide sequence level. This method is mainly based on the orderings of nucleotides appearing in the sequence. But with the divergence of species over time, subsequence rearrangements occurring during evolution make sequence alignment similarity scores less reliable. Improvements 1, 2 have been proposed to overcome the difficulty, but most of these improvements mainly rely on the correct definition and selection of common genes to be compared, and significant homology among aligned gene sequences.
Blaisdell B.E. 3 introduced a measure of similarity of sets of sequences not requiring sequence alignment. It is the first usage of features (l-mers) counts for biological sequence comparison. Geometric representations of DNA sequences has been regarded as another powerful alignment-free tool for the analysis of DNA sequences recently since Hamori and Ruskin 4 first proposed a 3D geometric representation for DNA sequences. This methodology always starts with a graphical representation of DNA sequence, which could be based on 2D, [5] [6] [7] [8] [9] [10] [11] [12] [13] 3D, [14] [15] [16] [17] [18] [19] [20] 4D, 21 5D, 22 and 6D 23 spaces, and represents DNA as matrices by associating with the selected geometrical objects, then vectors composed of the invariants of matrices are used to compare DNA sequences.
Sequence alignment method is mainly based on the orderings of nucleotides appearing in the sequence. But with the diverge of species over time, subsequence rearrangements (eg, reversal, transposition or block-exchange) occurring during evolution would make sequence alignment similarity scores less reliable. Features count methods only focus on the appearing frequencies (l-mers), which would lose significant amounts of information. Geometric representation schemes have an advantage in that they order an instant, though visual and qualitative summary of the lengthy DNA sequences. But this approach also involves many unresolved questions. For example, how to obtain suitable matrices to characterize DNA sequences and how to select invariants suitable for sequence comparisons. Another difficulty we must face is that the calculation of the matrices or the invariants will become more and more difficult with the length of the sequences.
It has been one of major challenges for computational biologists that low time-complexity alignmentfree methods are needed for proper measurements of sequence similarity, which should not only take into account the happenings of single nucleotide mutations but also the happenings of subsequence rearrangements.
In this paper, we introduce a novel method, which is based on graph theory, to represent DNA sequences mathematically for similarity analysis. In particular, for each DNA sequence, we will set up a weighted directed graph, whose adjacency matrix will give us a representative vector. Three distance measurements for representative vectors are then defined to assess the similarity/dissimilarity analysis for DNA sequences. As an application, the method is tested on a set of 0.9-kb mtDNA sequences of twelve different primate species, and the output phylogenetic trees based on these three distance measurements have the same topology, and are all generally consistent with the results reported in previous studies. [24] [25] [26] Furthermore, to show its robustness and tolerance to the happening of rearrangements of DNA subsequence, we test it on one synthetic data set by showing the fact that based on our method offspring after various generations could still find its original ancestor with high probability. This method is significantly different from all traditional methodologies and is a promising approach in future studies.
The paper is organized as follows. In Section 2, we describe the method of constructing the weighted directed graph and the representative vector for a given DNA sequence; in Section 3, three distance measurements are introduced to assess the similarity/ dissimilarity of DNA sequences; the experimental results for 0.9-kb mtDNA sequences of twelve different primate species are presented in Section 4; and the simulated test is discussed in Section 5; conclusions are made in Section 6.
construction of Representative Vector for DnA sequence
The alphabet representation of a DNA sequence is a string of letters A, C, G and T. Assume S = s 1 s 2 … s n is a DNA sequence of length n, where s i ∈ {A, C, G, T}.
Directed multi-graph
We will show how to construct the weighted directed multi-graph for S = s 1 s 2 … s n , which is denoted by The simplified weighted directed graph G m is a directed multi-graph. That is, there may be parallel arcs from one vertex to anther. In the following, we will simplify G m to G s by merging parallel arcs into one arc.
Let the vertex set 
,
Based on this simplification rule, the directed multi-graph in Figure 1 is simplified and illustrated in Figure 2 .
Note that the one-to-one mapping between a DNA sequence S and the simplified graph does not exist then, which is also the source of error of our strategy, a α is a user specified parameter. b As an approximation and for practical purpose, we only keep 4 decimals for w m (s i ,s j ).
but we will see later that the simplified graph still contains enough accurate information to characterize DNA sequences.
The representative vector
From above subsections, we get one weighted directed graph associated with a DNA sequence. The weighted directed graph G s corresponds to a (4 × 4) adjacency matrix M, which is defined as follows:
Then we rewrite matrix M as one 16-dimensional vector R → by the row order,
We call the 16-dimensional vector the representative vector of a DNA sequence. We admit that there is a loss of information when one condenses sequence S to a 16 dimensional vector, but we will see later that it is still enough to make comparisons for DNA sequences.
For the given example of S = ACGTATC, when the weight function is f l l ( ) / = 1 , the (4 × 4)-matrix and the 16-dimensional vector are as follows. .
, . , . , . , . ,
We call the method of constructing the representative vector for a DNA sequence directed euler tour (DET) method.
Three Distance Measurements for similarity calculation
In the above section, we obtain a mapping from a set of DNA sequences to a set of vectors in the 16-dimensional linear space by DET method. Comparison between DNA sequences becomes comparison between these 16-dimensional vectors. We will introduce three popular measurements of defining the distance between two 16-dimensional vectors to reflect the dissimilarity of the two corresponding DNA sequences. The smaller the distance is, the more similar the two sequences are. For two DNA sequences s and h, we denote the representative vectors by Rs → and Rh → respectively.
The first distance measurement d 1 (s,h) is defined to be the Euclidean distance between the end points of Rs by Zhang. 25, 26 The data source consists of four species of old-world monkeys (Macaca fascicular, Macaca Previous experiments results for these species based on different methods
In Hayasaka et al 24 calculated the number of nucleotide substitutions for a given pair of species by the six-parameter method. Using the calculated methods, they gave phylogenetic trees for these twelve species with the same topology depending on three different grouping methods. Thus the phylogenetic relationships derived from these mtDNA comparisons appear reliable. In References Zhang et al 25, 26 also obtained consistent results with 24 based on their new proposed methods for DNA sequence comparison, where only eleven species except human were involved. For the sake of later comparison, we re-construct these previous Thus we define the third distance measurement as:
Then a comparison between a pair of DNA sequences to judge their similarity or dissimilarity could be carried out by calculating the distances between the corresponding mathematical descriptors. We will give a test of the utility of DET method and the proposed distance measurements in the following Section 4.
Applications and experimental Results

Data description
To test the utility of DET method and the proposed distance measurements, we will use the 0.9-kb mtDNA fragments of twelve species of four different groups of primates for a test, which were reported by Hayasaka 24 firstly and subsequently used Evolutionary Bioinformatics 2011:7 phylogenetic trees based on the upper triangular part of dissimilarity matrix reported in the references, see Figure 3 .
Selection of the parameter α
In this subsection, we show how to choose the value of α for this data set. Denote the weight function f l l ( ) / = 1 α , where l is an integer. Because the maximum value of f(l) for any α is just 1, the arcs with weights not less than 0.1 should be thought as relatively important. We thus define l 0 as the preference distance of function f(l) when f(l 0 ) $ 0.1 while f (l 0 + 1) , 0.1. Pairs of nucleotides within l 0 would be assigned bigger weights (at least 0.1) when we construct the representative vector.
Here we list the preference distance for f(l) with different α. Considering the lengths of these twelve species (890 ∼ 900), when α = 2 or α = 1, l 0 is too small; while when α α = = 1 3 1 4 / / or , l 0 is too big. Thus, for this data set, we prefer to use α = 1 2 / with l 0 = 100. The nucleotides with distance 100 would be considered to have stronger interactive relationships. But we admit, for data sets with very long DNA sequences, to make l 0 bigger correspondingly, one could choose higher order roots. Similarity matrix based on DET
By the DET method of Section 2, each sequence could be represented by a 16-dimensional vector, and then the similarities between each pair of these twelve mtDNA fragments could be computed under the proposed distance measurements. In Table 2 , we present the upper triangular part of the similarity matrix among these twelve species by the DET method with weighted function f l l ( ) / = 1 based on the first distance measurement d 1 .
When we examine Table 2 , we notice that the smallest entries are associated with the pairs (Gorilla, Human), (M.fas, M. Mul), (M. Fus, M. Mul), (Chi., Gorilla), (M. fas, M. fus), (Human, Chi.) and (M.Syl) and (M.mul). Those observed facts are similar to that reported in previous studies. 25, 26 And also consistent with biological classification in 27 and 28 that Gorilla, Chimpanzee, Human are in the same family hominidae and the same subfamily homininae; and Macaca fascicular, Macaca fuscata, Macaca mulatta, Macaca sylvanus are in the same family Cercopithecidae and the same genus Macaca.
We also present the upper triangular part of the similarity matrices based on the second and the third distance measurement in Tables 3 and 4 respectively. We will see that there is a whole qualitative agreement among similarities based on these three distinct distance measurements. It provides a strong evidence that DET method works well for DNA representation and comparison. To see the phylogenetic relationships more easily, we use the average linkage clustering method for the phylogenetic tree construction. In Figure 4 , the dendrogram trees based on Tables 2-4 are presented respectively. One can find that the three dendrogram trees of these twelve species have the same topology, which are generally consistent with the previous works in Figure 3 .
simulated Test for DeT Method
In We should notice that, in Randić's work, information from all matrices M d were not combined together for analysis, thus not enough information is obtained from such characterization. In our method, for a DNA sequence of length n, we have considered all pairs XY under possible distance d = 1, 2 …, (n − 1) apart, and assign different weights to pair XY according to their locations and distributions. Furthermore, all information of ordered pairs of nucleotides are assembled in one matrix (ie, the adjacency matrix M). So in some senses, the DET method is an extension of Randić's, but it involves more information hidden in the DNA sequence. It is known that the similarity of two sequences determined by alignment is completely based on the ordering of nucleotides, while the similarity by DET is based on both the frequency of pairs of nucleotides and the distance between them. Assume that x 1 is a DNA sequence, x 2 is its descendant after several rearrangements. The alignment method would estimate a relatively low similarity between x 1 and x 2 because of the signifcant change in ordering such that x 1 and x 2 might be regarded as two distinct related species. While the following simulated test is designed to show, by DET method, with high probability, x 2 still could regard x 1 as its ancestor even if x 2 is the offspring of x 1 after many generations.
Constructing the Simulated Data set. This simulated test is designed to test the advantage of the DET method over the alignment method when sequence rearrangements happen frequently. One child genome is copied from the initial parent with shuffle model, which involves two operations: (i) transposition, exchange the positions of two adjacent random sequence fragments and (ii) reversal, reverse the order of a random sequence fragment and reinsertion of it in the same position. To accelerate the speed of achieving the generations that alignment method is no longer useful for offspring to find out its ancestor, we require that the size of involved random sequence fragments for both operations should be at least 0.1n (where n is the length of genome sequence).
For computational expediency, 0.9 kb mtDNA sequence of Human (L00016) is chosen as a root ancestor test sequence, and 0.9 kb mtDNA sequence of Chimpanzee (V00672) is chosen as its "brother" sequence. We would generate up to 20th generation of Human (L00016) using shuffle model. For simplicity, we select its 1st; 5th; 10th; 15th and 20th generation to use. We then compute the similarities based on both Alignment c and DET method d between these five generations with Chimpanzee (V00672) and Human (L00016), respectively. Because these five generations are generated randomly, to be fair, we repeat the above process for several times. At each time, if all of these five generations have bigger similarities with Human (L00016) than with Chimpanzee (V00672) based on some method, this method would get one score. Let suc_rate = score/l, where l is the total test times. Clearly, the method with higher suc_rate would be regarded as much more robust when shuffing happens frequently.
In the following table we list the result of suc_rate when we run the above simulated test once for different l values. To our surprise, the average suc_rate for DET method is 1, while the average suc_rate for alignment is just 0.2709, which proves the utility and tolerance of DET method when shuffing happens frequently. during the evolutionary process; the second advantage of our method is low time complexity compared with other alignment-free methods. The core of the method is the construction of the representative vector for each DNA sequence and then to get the similarity matrix for a set of DNA sequences. The representative vector for one DNA sequence of length n can be obtained in O(n 2 ) time units. Then, for a set of m sequences with the maximum length of n, the similarity matrix can be computed in O(mn 2 ) time units. The similarity matrix is relatively simple for calculation. Our novel method is very different to all traditional methods and is proven to be effective and accurate for similarity comparison of DNA sequences. 
